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Unstable oscillations in an electron gas 


By K. G. Matmrors 


With 4 figures in the text 


Introduction 


At the laboratory for electronics at K. Tekniska Hogskolan, Stockholm, the 
properties of electron beams moving in a magnetic field have been studied in 
detail [1]. The experiments show that an energy exchange between the electrons 
takes place, leading to a rapid and radical change of the primary energy dis- 
tribution of the electrons. The effect cannot be explained as being due to 
ordinary collision processes but indicates that there must exist some more ef- 
fective mechanism of interaction between electrons in a magnetic field. 

The main results may be summarized as follows. Electrons which are 
emitted in a magnetic field move in trochoidal paths and constitute a beam 
perpendicular to the applied electric field. At low emission, 1. e. at low electron 
density, the motion is in accordance with what can be expected from geo- 
metrical considerations. At higher densities, however, the energy distribution 
of the electrons is rapidly changed in such a way that an appreciable part of 
the current is collected by electrodes which are negative with respect to the 
cathode. At the same time the beam exhibits an abnormally strong noise. It 
could be shown that the effect is related to the magnitude of the expression 
ie: B? 
TRS 
tric field. 

In an early attempt to give a theoretical interpretation of the observed effect [2] 


: ; . 7) 
the author has shown that this expression has the same meaning as (“°) where 


where 7%, is the emission current, B the magnetic field and £ the elec- 


@) is the angular frequency of plasma oscillations in the electron gas and 
is the gyromagnetic frequency. A process was outlined which might give rise 
to oscillations which increase exponentially with time. In this paper these ideas 
are further developed. 

During the last two years problems concerning oscillation states in electron 
beams have been studied by several investigators [3—9]. 


§ 1. In the case of ordinary plasma oscillations particles are considered, 
which are influenced by no forces other than those resulting from space charge 
fluctuations. The state of motion of the electrons is then determined by the 
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force equation, Poisson’s equation and the continuity equation. We are going 
to treat this simple case with the same methode as will be used later when 
studying the motion of electrons in a magnetic field. In both cases plane waves 
along one coordinate, x, are considered and furthermore it is assumed that the 
mean space charge of the electrons is compensated by positive ions, which can 
be considered as being at rest. Then the equation system takes the form: 


da 1 

Ppa Ch) (1) 
ce a ash he 

ag tte n (2) 
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NM denotes the mean density of the electrons and m + ” the actual density. 
If all distortions are so small that quadratic terms may be omitted this system 
of equations has a solution 


fear” (A) 
If =a) + x where |v| <a there applies approximately : 


Dah 
dy A ~ = (oa) 


d®  m 


and integrated: 


eT Ee 4) 
After omitting quadratic terms eq. (3) may be written: 
Of 1 Oa Nae (5) 
which gives: 
Pyle aM 7% 2m a —at) 
~~ Onm 2° (2) 
On the other hand eq. (2) gives: 
_ A Omi Pet 
4n@ a (7) 


A combination of the last two equations gives the characteristic equation: 


570 


ARKIV FOR Fysik. Bd 1 nr 30 


2% |e Nn (3) 


which is the wellknown expression for the angular frequency of plasma oscil- 
lations. 


§ 2. In the preceding section the electron gas has been assumed to consist 
of electrons performing small oscillations. A more complicated problem arises 
in the general case where each electron has a linear velocity. For the sake of 
uniformity with the problem of the following section, the motion of electrons 
in a magnetic field, we shall now consider a system of electrons all of which 
move parallel to the x—y-plane with the velocity v. Eq. (1) and (2) are still 
valid but instead of introducing the simple continuity eq. (3) we have to con- 
sider the system in the phase space with the coordinates x, v, and vy. In the 
initial state (¢—0) all electrons are contained in the space between the two 
cylinders vy + vy = vp and vi + v2 =(v) + Av)? and if it is assumed that all 
angles, gy, have the same probability the density within the region is con- 
stant, 0. 

If, as in § 1, we try a solution: 


and put: 


eq. (1) gives: 


dy ye ee eae 
dt 2xm(z—V Cos ¢) 
Since 
Dae (= ia Oo Az Avy (5’) 


where oy is a constant which does not change with time, the problem is reduced 
to calculating the area between the two curves in Fig. 1 after the displacement, 
indicated by d vz. (dvy = 0 in this case since there are no forces in the y-direction. ) 


Fig. 1. 
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The area inside the inner curve is approximately: 
20 
gg + Uy { O02 cos pdy 
é 


and the area of the region between the curves is: 


Dirt 


d : 
22%): Avy + A Vie (v.- | OVz COS vag) 
0 


This consideration gives: 


27 


Morel 2 (1 [ ov, - COS pd) (6’) 
0 


yess 232 
270% dV 


When this expression is compared with eq. (7) the following characteristic 
equation is obtained: 


a4 
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0 
where 
» 4726 N% 
wo = — 
m 
By the substitution tg . =s the integral may be written: 
4 + co 
pls if EPs Oe Ok SNS meal les 
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This integral can be evaluated explicitly by integrating from — R to + R along 
the real axis and back to —R along a half circle about the origin. If Roo 
the value of the integral is 2~7 times the sum of the residues at the two 
poles within the contour. There results: 


z 


2 (v9 + 2) [ee 
Up + 2; 


where the square root has to be chosen in such a way that its imaginary part 
Is positive. By inserting this expression into eq. (8’) one obtains: 


i 7) 
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Hee aim—al _ yg. (2). ]/ mae (9) 


@ Qn Oly ae 2 


This equation is satisfied by real values of z provided that Aah 
Then there applies: 


in agreement with the result of § 1. 
Here we are especially interested in complex solutions of eq. (9). The equa- 
tion may be simplified by putting. 


If the real and the imaginary part of & are separated 
E=a+pi=r-év 


the condition that the imaginary part of the root has to be positive may be 
written 


aoe ae ae ie ahat 
2 4 3 Ue SEE 5 toe ies 
pb </ a a 42 Hat Gy oun 


a condition which means that all solutions must be situated within the shaded 
part of the a— -plane in Fig. 2. 
According to (9b) the solutions must satisfy: 


ee RS Saye 


This means that the solutions must be situated on the curve 


(p= Se = 
Bath top wa 
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Oye. 
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Fig. 2. 


As Fig. 2 shows, this curve is in its entirety situated in the region where no 
solutions can exist. This means that there are no complex solutions satisfying 
the characteristic equation. 


§ 3. We are now going to investigate the states of oscillation in a system 
of electrons, all of which move with the velocity vp» in circular paths per- 
pendicular to a magnetic field, B. The equations of motion may be written: 


has ae a" dy 
ee gre, ; 
) dy (1’) 
E = w (& — Xo) 
where 
eB 
o=—-: 
m 


In the phase space the initial state is the same as in § 2 and also in this 
case we try a solution: 


22% 
ae (a—2t) 


pe es (A) 


Here we put: 
L=%q + 0cos(~tot)+z (\x|<e) 


where @ its the radius of curvature and x denotes the deviation from the un- 
disturbed circular motion. 


fn oa ae loc ae t) dt. 
m 


With respect to the identity 


—c 
eid cos py — > "Jn (A) ein 
—0o 
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where J» denotes the Bessel function of order n with the argument A, f (2, t) 
can be written as a sum of integrable terms. There results: 


0 Vy =wy=—-e a eet) et4 COS (p , 
+00 
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where 


2, 
Y= Y + wt and A=W" 8. 


In conformity with the considerations in the preceding section there applies: 
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When the expressions for 6v, and dv, are inserted there results after integration: 
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A comparison with eq. (7) gives the characteristic equation: 
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If we put: 


2 
Wo\ 47M Noy 202 
( saint: = K and ae g 


(40) 


this equation may be written: 


Jide Ry Uae ea , 
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If &€ is dividéd into its real and imaginary parts, =a + fi, the following 
system of equations is obtained 
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With given values of the parameters 2 and K, the problem is to find values 
of a and f satisfying these equations. 
Let us for a moment return to the solution (A) 


PAGO ae ) 
(= —irewt 
= A4-ei%t.¢ a a 


If the equation system can be satisfied by positive values of £, this would 
mean that there exist states of oscillation, with an amplitude which increases 
exponentially with time. A numerical treatment of the equations shows that 
such solutions exist. 

The full curves of Fig. 3 represent a system of solutions calculated with A- 
values between 1.2 and 2.8. The dotted curves indicate a similar system with 
A-values in the range 2.2 to 4.2. 

At a low value of K, i.e. at low electron density, there exist unstable 
oscillations with the frequency within small intervals about multiples of the 
gyromagnetic frequency. When the electron density is increased the intervals 
are successively broadened and when the density is so high that K ~ 10 unstable 
oscillations exist at all frequencies. At such high densities there exist solu- 


tions even when a= 0, which means that also stationary distortions may be 
amplified. 
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As Fig. 3 shows, £ can reach values as high as unity. In such a case a 
distortion is amplified ~ 500 times during one single revolution of the electrons. 

It should be remembered that the calculations are valid only when the 
distortions are so small that the problem may be considered as linear. Thus, 
the equations and diagrams given above will only describe the initial phase of 
the growth of the distortions but even without knowledge of the whole process 
it may be concluded that an electron gas with ordered electron motion is 
unstable and attains its stationary state very much faster than would be the 
case if only collision processes were to be considered. 


§ 4. Fig. 4 gives a diagram which illustrates the propagation of plane waves 
in the electron gas. If V denotes the phase velocity there applies: 


V 


a 
Ug A 


By keeping K at a constant value V can be given as a function of a. The 
whole curves represent increasing waves and the dotted lines represent ordi- 
narily damped waves, which in this case are of secondary importance. 


§ 5. In the preceding sections it was shown that a system of electrons, all 
of which move with the same velocity perpendicular to a magnetic field, is 
unstable. Small primary distortions, e.g. statistical density fluctuations are 
rapidly amplified and give rise to large density variations accompanied by 
electric fields within the electron gas. Most probably a process of this kind is 
the reason for the noise which is observed in the trochotrons. Furthermore it 
seems reasonable that the electrons are accelerated or retarded in the electric 
fields by a process similar to that in the cyclotron whereby the energy distribu- 
tion curve of the electrons is broadened. 
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Fig. 4. 


A process of this kind must be accompanied by the emission of electro- 
magnetic radiation. The conditions in the inner solar corona agree fairly well 
with those in the trochotrons. The electron density, the electron velocity and 
the magnetic field are of the same order of magnitude in both cases. Thus 
it seems possible that a process of the kind outlined here may be the source 
of the observed solar noise. 

As long as the magnetic field is constant, the electron gas is in a state of 
equilibrium with a low noise level. If the magnetic field varies, e. g. in connec- 
tion with the occurrence of sunspots, the equilibrium is disturbed and the oc- 
curence of unstable oscillations increases the noise level. 

The emission of galactic noise may possibly be interpreted as being due to 
some similar mechanism. 
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